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Gravitational waves (GWs) provide an excellent opportunity to test the gravity in the strong
gravitational fields. In this article, we calculate the waveform of GWs, produced by the coalescence
of compact binaries, in the general ghost-free parity-violating gravities. By comparing the two
circular polarization modes, we find the effects of amplitude birefringence and velocity birefringence
of GWs caused by the parity violation in gravity, which are explicitly presented in the GW waveforms
by the amplitude and phase modifications respectively. Combining the two modes, we obtain the
GW waveforms in the Fourier domain, and find that the deviations from those in General Relativity
are dominated by effects of velocity birefringence of GWs.
I. INTRODUCTION
The discovery of gravitational-wave (GW) compact bi-
nary coalescence source GW150914, as well as the other
sources, opens the new window of GW astronomy [1–
3], which also provides an excellent opportunity to test
Einstein’s General Relativity (GR) in the strong gravita-
tional fields [4–9]. In our series of works, we focus on the
test of parity symmetry of gravity with GWs. According
to Poppers argument: Scientists can never truly “prove”
that a theory is correct, but rather all we can do is to dis-
prove, or more accurately to constrain a hypothesis. The
theory that remains and cannot be disproved by observa-
tions becomes the status quo [10]. Therefore, the studies
of GW, in particular the calculations of GW waveforms,
in the alternative gravitational theories, are the crucial
role for the tests of gravity [11].
Symmetry permeates nature and is fundamental to all
the laws of physics. One example is the parity symmetry,
which implies that flipping left and right does not change
the laws of physics. As well known, nature is parity vi-
olated. Since it was first discovered in weak interactions
[12], the experimental tests become more interesting in
the other interactions, including gravity. The birefrin-
gence of GWs is a fundamental phenomenon when the
parity symmetry is violated in the gravitational sector
[13]. In general, the parity violation can affect the prop-
agation of the GWs in two ways. The first one is it
can modify the conventional dispersion relation of the
GWs. As a result, the velocities of left-hand and right-
hand circular polarization of GWs can be different. This
phenomenon is also called velocity birefringence of GWs.
One of examples is the Horˇava-Lifshitz theory of grav-
ity [14] (see refs. [15–20] for its extensions and a recent
review), in which the parity symmetry can be violated
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by including the third and fifth spatial derivative terms
in the action of the theory. The second way of the par-
ity violation is that it could change the friction term in
the propagation equation of GWs, see examples in the
Chern-Simons (CS) modified gravity [13, 21] (see [22] for
a review). Mainly, such additional friction term will mod-
ify the amplitude of GWs, and therefore the amplitude
of left-hand circular polarization of gravitational waves
will increase (or decrease) during the propagation, while
the amplitude for the right-hand modes will decrease (or
increase). This phenomenon is also called amplitude bire-
fringence of GWs, and its corrections to the GWs wave-
form have been studied in the framework of CS modified
gravity in [23–26].
Recently, based on the specific parity-violating CS
modified gravity, a ghost-free parity-violating theory of
gravity have been explored in [27] by including higher
derivatives of the coupling scalar field. The speed of the
GW in this theory and its constraints by the GW170817
has been explored in [28]. A more general modified the-
ory of gravity with parity-violating terms has been con-
structed in the framework of spatial covariant formula-
tions and its evolution of the GWs in the cosmological
background has also been discussed [29]. In the ghost-
free parity-violating gravities, the parity violation can
lead to both the velocity and amplitude birefringences
in the propagation of the GWs [30]. In this paper, we
study in detail the effects of both velocity and amplitude
birefringences on the GWs waveform. Decomposing the
GWs into the left-hand and right-hand circular polar-
ization modes, we find that the effects of velocity and
amplitude birefringences can be explicitly presented by
the modifications in the GW phase and amplitude re-
spectively. Converting the circular polarizations to the
general plus and cross modes, we obtain GW waveforms
in the frequency domain, and derive the correction terms
in the amplitude and phase of GWs, relative to the cor-
responding results in GR. The corresponding parameter-
ized post-Einsteinian parameters in the general ghost-
2free parity-violating gravities are also identified.
This paper is organized as follows. In Secs. II and
III, we briefly introduce the theories of ghost-free parity-
violating gravity, and the propagation of GWs in these
theories of gravity respectively. In Sec. IV, we discuss
the amplitude and velocity birefringence effects of GWs.
In Sec. V, we calculate the waveform of GWs produced
by the coalescence of compact binary systems, and par-
ticularly focus on the deviations from those in GR. The
summary of this work is given in Sec. VI.
Throughout this paper, the metric convention is cho-
sen as (−,+,+,+), and greek indices (µ, ν, · · ·) run over
0, 1, 2, 3. We set the units to c = ~ = 1.
II. PARITY-VIOLATING GRAVITIES
We consider parity-violating gravity with the action of
the form
S =
1
16πG
∫
d4x
√−g(R + LPV)
+
∫
d4x
√−g(Lφ + Lother), (2.1)
where R is the Ricci scalar, LPV is a parity-violating La-
grangian, Lφ is the Lagrangian for a scalar field, which
may be coupled non-minimally to gravity, and Lother de-
notes other matter fields. As one of the simplest exam-
ples, we consider the action of the scalar field
Lφ = 1
2
gµν∂µφ∂νφ+ V (φ). (2.2)
Here V (φ) denotes the potential of the scalar field. The
parity-violating LagrangianLPV has different expressions
for different theories. CS modified gravity with Pontrya-
gin term coupled with a scalar field is a widely studied
parity-violating gravity in the previous works. The La-
grangian of CS reads [22]
LCS = 1
8
ϑ(φ)εµνρσRρσαβR
αβ
µν , (2.3)
with ερσαβ being the Levi-Civita´ tensor defined in terms
of the the antisymmetric symbol ǫρσαβ as ερσαβ =
ǫρσαβ/
√−g and the CS coupling coefficient ϑ(φ) being an
arbitrary function of φ. CS modified gravity is an effec-
tive extension of GR that captures leading-order, gravita-
tional parity-violating term. The similar versions of this
theory were suggested in the context of string theory [31],
and three-dimensional topological massive gravity [32].
However, this theory has higher-derivative field equation,
which induces the dangerous Ostrogradsky ghosts. For
this reason, CS modified gravity can only be treated as a
low-energy truncation of a fundamental theory. To cure
this problem, the extension of CS gravity by considering
the terms which involve the derivatives of a scalar field
is recently proposed in [27]. LPV1 is the Lagrangian con-
taining the first derivative of the scalar field, which is
given by
LPV1 =
4∑
A=1
aA(φ, φ
µφµ)LA, (2.4)
L1 = ε
µναβRαβρσR
ρ
µν λφ
σφλ,
L2 = ε
µναβRαβρσR
ρσ
µλ φνφ
λ,
L3 = ε
µναβRαβρσR
σ
νφ
ρφµ,
L4 = ε
µνρσRρσαβR
αβ
µνφ
λφλ,
with φµ ≡ ∇µφ, and aA are a priori arbitrary functions
of φ and φµφµ. In order to avoid the Ostrogradsky modes
in the unitary gauge (where the scalar field depends on
time only), it is required that 4a1 + 2a2 + a3 + 8a4 = 0.
With this condition, the Lagrangian in Eq.(2.4) does not
have any higher order time derivative of the metric, but
only higher order space derivatives.
One can also consider the terms which contain second
derivatives of the scalar field. Focusing on only these that
are linear in Riemann tensor and linear/quadratically in
the second derivative of φ, the most general Lagrangian
LPV2 is given by [27]
LPV2 =
7∑
A=1
bA(φ, φ
λφλ)MA, (2.5)
M1 = ε
µναβRαβρσφ
ρφµφ
σ
ν ,
M2 = ε
µναβRαβρσφ
ρ
µφ
σ
ν ,
M3 = ε
µναβRαβρσφ
σφρµφ
λ
νφλ,
M4 = ε
µναβRαβρσφνφ
ρ
µφ
σ
λφ
λ,
M5 = ε
µναβRαρσλφ
ρφβφ
σ
µφ
λ
ν ,
M6 = ε
µναβRβγφαφ
γ
µφ
λ
νφ
λ,
M7 = (∇2φ)L1.
with φσν ≡ ∇σ∇νφ. Similarly, in order to avoid the
Ostrogradsky modes in the unitary gauge, the following
conditions should be imposed: b7 = 0, b6 = 2(b4 + b5)
and b2 = −A2∗(b3 − b4)/2, where A∗ ≡ φ˙(t)/N and N is
the lapse function. In this paper, we consider a general
scalar-tensor theory with parity violation, which contains
all the terms mentioned above. So, the parity-violating
term in Eq.(2.1) is given by
LPV = LCS + LPV1 + LPV2. (2.6)
Therefore, the CS modified gravity in [22], and the ghost-
free parity-violating gravities discussed in [27] are all the
particular cases of this Lagrangian. The coefficients ϑ,
aA and bA depend on the scalar field φ and its evolution.
III. GRAVITATIONAL WAVES IN
PARITY-VIOLATING GRAVITIES
Let us investigate the propagation of GW in the theo-
ries of gravity with the action given by (2.1). We consider
3the GWs propagating on a homogeneous and isotropic
background. The spatial metric in the flat Friedmann-
Robertson-Walker universe is written as
gij = a
2(τ)(δij + hij(τ, x
i)), (3.1)
where τ denotes the conformal time, which relates to the
cosmic time t by dt = adτ , and a is the scale factor of
the universe. Throughout this paper, we set the present
scale factor a0 = 1. hij is the GW, which represents the
transverse and traceless metric perturbations, i.e.,
∂ihij = 0 = h
i
i. (3.2)
With the above definitions, we need to derive the equa-
tion of motion for the GWs. For this purpose, we first
need to substitute the metric perturbation into the ac-
tion (2.1) and expand it to the second order in hij . After
tedious calculations, we find
S(2) =
1
16πG
∫
dτd3xa4(τ)
[
L(2)GR + L(2)PV
]
, (3.3)
where
L(2)GR =
1
4a2
[
(h′ij)
2 − (∂khij)2
]
, (3.4)
L(2)PV =
1
4a2
[
c1(τ)
aΛ
ǫijkh′il∂jh
′
kl +
c2(τ)
aΛ
ǫijk∂2hil∂jhkl
]
.
(3.5)
Here, Λ labels the parity-violating energy scale in this
theory. c1 and c2 are the coefficients normalized by the
energy scale Λ, which are given by
c1(τ)
Λ
= ϑ˙− 4a˙1φ˙2 − 8a1φ˙φ¨+ 8a1Hφ˙2 − 2a˙2φ˙2 − 4a2φ˙φ¨
+a˙3φ˙
2 + 2a3φ˙φ¨− 4a3Hφ˙2 − 4a˙4φ˙2 − 8a4φ˙φ¨
−2b1φ˙3 + 4b2
(
2Hφ˙2 − φ˙φ¨
)
+2b3
(
φ˙3φ¨−Hφ˙4
)
+ 2b4
(
φ˙3φ¨−Hφ˙4
)
−2b5Hφ˙4 + 2b7φ˙3φ¨, (3.6)
c2(τ)
Λ
= ϑ˙− 2a˙2φ˙2 − 4a2φ˙φ¨− a˙3φ˙2 − 2a3φ˙φ¨
−4a˙4φ˙2 − 8a4φ˙φ¨. (3.7)
In this paper, a dot denotes the derivative with respect to
the cosmic time t, and H ≡ a˙/a is the Hubble parameter.
We find that the terms bA appear only in the c1 coef-
ficient, while the terms ϑ and aA appear in both coeffi-
cients c1 and c2, which is consistent with the statement
in [28]. From these expressions, we obtain the following
quantities,
c1(τ) − c2(τ)
Λ
= −4a˙1φ˙2 − 8a1φ˙φ¨+ 8a1Hφ˙2
+2a˙3φ˙
2 + 4a3φ˙φ¨− 4a3Hφ˙2
−2b1φ˙3 + 4b2
(
2Hφ˙2 − φ˙φ¨
)
+2b3
(
φ˙3φ¨−Hφ˙4
)
+ 2b4
(
φ˙3φ¨−Hφ˙4
)
−2b5Hφ˙4 + 2b7φ˙3φ¨, (3.8)
which will be used in the following discussion.
We consider the GWs propagating in the vacuum, and
ignore the source term. Varying the action with respect
to hij , we obtain the field equation for hij ,
h′′ij + 2Hh′ij − ∂2hij
+
ǫilk
aΛ
∂l
[
c1h
′′
jk + (Hc1 + c′1)h′jk − c2∂2hjk
]
= 0,
(3.9)
where H ≡ a′/a, and a prime denotes the derivative with
respect to the conformal time τ .
In the parity-violating gravities, it is convenient to de-
compose the GWs into the circular polarization modes.
To study the evolution of hij , we expand it over spatial
Fourier harmonics,
hij(τ, x
i) =
∑
A=R,L
∫
d3k
(2π)3
hA(τ, k
i)eikix
i
eAij(k
i),
(3.10)
where eAij denote the circular polarization tensors and
satisfy the relation
ǫijknie
A
kl = iρAe
jA
l , (3.11)
with ρR = 1 and ρL = −1. We find that the propagation
equations of these two modes are decoupled, which can
be casted into the form
h′′A + (2 + νA)Hh′A + (1 + µA)k2hA = 0, (3.12)
where
νA =
ρAk(c1H− c′1)/(aHΛ)
1− ρAkc1/(aΛ) , (3.13)
µA =
ρAk(c1 − c2)/(aΛ)
1− ρAkc1/(aΛ) . (3.14)
The effects of the parity violation terms are fully char-
acterized by two parameters: µA and νA. The parame-
ter µA determines the speed of the gravitational waves,
which leads to different velocities of left-hand and right-
hand circular polarizations of GWs. For the left-hand
and right-hand GWs, we find µA have the same value but
opposite signs. As a result, the arrival times of the two
circular polarization modes could be different. The pa-
rameter νA, on the other hand, can provide an amplitude
modulation to the gravitational waveform, therefore the
amplitude of left-hand circular polarization of gravita-
tional waves will increase (or decrease) during the prop-
agation, while the amplitude for the right-hand modes
will decrease (or increase). It is interesting to note that
in CS modified gravity, since c1 = c2 = Λϑ˙, which fol-
lows that µA = 0. So, there are no modifications on
the velocity of GWs and the parity violation can only
affect the amplitude. However, in the ghost-free parity-
violating gravities with LPV1 and/or LPV2, both terms
4νA and µA are nonzero. Therefore, both amplitude and
velocity birefringence effects exist during the propagation
of GWs. In the following section, we shall study these
two effects in detail.
IV. AMPLITUDE AND VELOCITY
BIREFRINGENCES
In this section, we study the phase and amplitude cor-
rections to the waveform of GWs arising from the param-
eters νA and µA. In parity-violating gravities described
by (2.1), assuming k/Λ ≪ 1, the expressions of νA and
µA in Eqs.(3.13) and (3.14) can be written as
µA = ρA(c1 − c2) (k/aΛ) , (4.1)
νA = ρA(c1 − c′1/H) (k/aΛ) . (4.2)
We further decompose hA as
hA = h¯Ae
−iθ(τ), (4.3)
h¯A = AAe−iΦ(τ), (4.4)
where h¯A satisfies
h¯′′A + 2Hh¯′A + (1 + µA)k2h¯A = 0, (4.5)
here AA denotes the amplitude of h¯A and Φ(τ) is the
phase. With the above decomposition, θ(τ) denotes the
correction arising from νA, while the corrections due to
µA is included in h¯A.
A. Phase modifications
We first concentrate on the corrections arising from
the parameter µA, which leads to velocity difference of
the two circular polarizations of GWs. To proceed, we
define u¯Ak (τ) =
1
2a(τ)MPlh¯A(τ) and then Eq. (4.5) can
be written as
d2u¯Ak
dτ2
+
(
ω2A −
a′′
a
)
u¯Ak = 0, (4.6)
where
ω2A(τ) = k
2(1 + µA), (4.7)
is the modified dispersion relation. With this relation,
the speed of the graviton reads
v2A = k
2/ω2A ≃ 1− ρA(c1 − c2) (k/aΛ) , (4.8)
which leads to
vA ≃ 1− (1/2)ρA(c1 − c2) (k/aΛ) . (4.9)
Since ρA have the opposite signs for left-hand and right-
hand polarization modes, we find that one mode is su-
perluminal and the other is subluminal. Considering a
graviton emitted radially at r = re and received at r = 0,
we have
dr
dt
= −1
a
[
1− 1
2
ρA(c1 − c2)
(
k
aΛ
)]
. (4.10)
Integrating this equation from the emission time (r = re)
to arrival time (r = 0), one obtains
re =
∫ t0
te
dt
a(t)
− 1
2
ρA
(
k
Λ
)∫ t0
te
c1 − c2
a2
dt. (4.11)
Consider gravitons with same ρA emitted at two dif-
ferent times te and t
′
e, with wave numbers k and k
′, and
received at corresponding arrival times t0 and t
′
0 (re is
the same for both). Assuming ∆te ≡ te− t′e ≪ a/a˙, then
the difference of their arrival times is given by
∆t0 = (1 + z)∆te +
1
2
ρA
k − k′
Λ
∫ t0
te
c1 − c2
a2
dt,
where z ≡ 1/a(te) − 1 is the cosmological redshift. Let
us focus on the GW signal generated by non-spinning,
quasi-circular inspiral in the post-Newtonian approxima-
tion. Relative to the GW in GR, the term µA modifies
the phase of GW Φ(τ). The Fourier transform of h¯A
can be obtained analytically in the stationary phase ap-
proximation, where we assume that the phase is changing
much more rapidly than the amplitude, which is given by
[33]
˜¯hA(f) =
AA(f)√
df/dt
eiΨA(f), (4.12)
where f is the GW frequency at the detector, and Ψ is the
phase of GWs. In [34], it is proved that, the difference of
arrival times as above induces the modification of GWs
phases ΨA as follows,
ΨA(f) = Ψ
GR
A (f) + δΨA(f), (4.13)
with
δΨA(f) = ξAu
2, (4.14)
where
ξA =
ρA
ΛM2
∫ t0
te
c1 − c2
a2
dt, (4.15)
u = πMf. (4.16)
The quantityM = (1+z)Mc is the measured chirp mass,
andMc ≡ (m1m2)3/5/(m1+m2)1/5 is the chirp mass of
the binary system with component masses m1 and m2.
B. Amplitude modifications
Now, let us turn to study the effect caused by νA.
Plugging the decomposition (4.4) into (4.5), one finds
the equation for Φ(t),
iΦ′′ +Φ′2 + 2iHΦ′ − (1 + µA)k2 = 0. (4.17)
5Similarly, plugging the decomposition (4.3) and (4.4) into
(3.12), one obtains
i(θ′′ +Φ′′) + (Φ′ + θ′)2
+i(2 + νA)H(θ′ +Φ′)− (1 + µA)k2 = 0. (4.18)
Using the equation of motion (4.17) for Φ, the above
equation reduces to
iθ′′ + 2θ′Φ′ + θ′2 + i(2 + νA)Hθ′ + iνAHΦ′ = 0.
(4.19)
The phase Φ is expected to be close to that in GR ΦGR,
and Φ′GR ∼ k, where the wave number relates to the GW
frequency by k = 2πf . Assuming that
θ′′ ≪ Φ′θ′ ∼ kθ′, k ≫ H, (4.20)
and keeping only the leading-order terms, the above
equation can be simplified into the form
2θ′ + iHνA = 0, (4.21)
which has the solution
θ = − i
2
∫ τ0
τe
HνAdτ. (4.22)
We observe that the contribution of νA in the phase is
purely imaginary. This indicates that the parameter νA
leads to modifications of the amplitude of the GWs dur-
ing the propagation. As a result, relative to the corre-
sponding mode in GR, the amplitude of the left-hand
circular polarization of GWs will increase (or decrease)
during the propagation, while the amplitude for the right-
hand mode will decrease (or increase).
More specifically, one can write the waveform of GWs
with parity violation effects in the form
hA = h
GR
A (1 + δhA)e
−iδΦA , (4.23)
where
1 + δhA = exp
(
−1
2
∫ τ0
τe
HνAdτ
)
, (4.24)
and δΦA is given by (4.14). Noticing that
1
2
νAH = 1
2
[
ln
(
1− ρA kc1
aΛ
)]
′
, (4.25)
we find
1 + δhA =
√
1− ρAkc1(τe)/[a(τe)Λ]
1− ρAkc1(τ0)/[a(τ0)Λ]
≃ 1 + 1
2
ρAk
(
c1(τ0)
a(τ0)Λ
− c1(τe)
a(τe)Λ
)
, (4.26)
which gives
δhA ≃ 1
2
ρAk
(
c1(τ0)
a(τ0)Λ
− c1(τe)
a(τe)Λ
)
= ρA
πf
Λ
[
c1(τ0)− (1 + z)c1(τe)
]
. (4.27)
Using u and M, one can rewrite δhA in the form
δhA =
ρAu
ΛM
[
c1(τ0)− (1 + z)c1(τe)
]
. (4.28)
This relation indicates that the amplitude birefringence
of GWs depends only on the values of the coefficient c1
at the emitting and observed times.
C. Post-Newtonian orders of the correction terms
In general, we can write the GWs in the Fourier do-
main. Similar to the parameterized post-Einsteinian
framework of GWs developed in [35], for each circular
polarization mode, we can also write the GW waveform
as the following parameterized form
h˜A(f) = h˜
GR
A (1 + α
ppe
A u
appe
A )eiβ
ppe
A
ub
ppe
A , (4.29)
where αppeA u
appe
A = δhA and β
ppe
A u
bppe
A = δΨA repre-
sent the amplitude and phase modification respectively.
These two terms capture non-GR modifications in the
waveform in a generic way. The coefficients appeA and
bppeA indicate the post-Newtonian (PN) orders of these
modifications. In comparison with the results derived in
the previous subsection, we obtain that
αppeA =
ρA
ΛM
[
c1(τ0)− (1 + z)c1(τe)
]
, (4.30)
appeA = 1, (4.31)
βppeA = ξA, (4.32)
bppeA = 2. (4.33)
Let us now count the PN order of these parity violating
corrections relative to GR. The relative correction from
GR is said to be n PN order if it is proportional to f2n/3.
Thus, the amplitude correction enters at 1.5 PN order,
and the phase correction enters at 5.5 PN order (note
that the phase of GR ∝ f−5/3 at leading order).
V. MODIFICATIONS TO THE GW
WAVEFORM
In order to make contact with observations, it is con-
venient to analyze the GWs in the Fourier domain, and
the responses of detectors for the GW signals h˜(f) can
be written in terms of waveform of h˜+ and h˜× as
h˜(f) = [F+h˜+(f) + F×h˜×(f)]e
−2piif∆t, (5.1)
where F+ and F× are the beam pattern functions of GW
detectors, depending on the source location and polariza-
tion angle [36]. ∆t is the arrival time difference between
the detector and the geocenter. In GR, the waveform of
the two polarizations h˜+(f) and h˜×(f) are given by
h˜GR+ = (1 + µ
2)AeiΨ, (5.2)
h˜GR
×
= 2µAei(Ψ+pi/2), (5.3)
6where A and Ψ denote the amplitude and phase of the
waveforms hGR+ ×, and µ = cos ι with ι being the incli-
nation angle of the binary system. In GR, the explicit
forms of A and Ψ have been calculated in the high-order
PN approximation (see for instance [37] and references
therein). Now we would like to derive how the parity
violation can affect both the amplitude and the phase of
the above waveforms. The circular polarization modes
h˜R and h˜L relate to the modes h˜+ and h˜× via
h˜+ =
h˜L + h˜R√
2
, h˜× =
h˜L − h˜R√
2i
. (5.4)
Similar to the previous work [26], throughout this paper,
we ignore the parity-violating generation effect, which
is caused by a modified energy loss, inspiral rate and
chirping rate of the binaries. Since the generation effect
occurs on a radiation-reaction time scale, which is much
smaller than the GW time of flight, making its impact on
the evolution of the GW phase negligible [23]. Thus, the
circular polarization modes h˜A are given in (4.29), and
the waveforms for the plus and cross modes become
h˜+ ≃ h˜GR+ − (iδh− δφ)h˜GR× , (5.5)
h˜× ≃ h˜GR× + (iδh− δφ)h˜GR+ , (5.6)
where δφ ≡ δΨR is given by Eq.(4.14) and δh ≡ δhR
given by Eq.(4.28). Therefore, the Fourier waveform h˜(f)
becomes
h˜(f) = AδAei(Ψ+δΨ), (5.7)
where
δA =
√
(1 + µ2)2F 2+ + 4µ
2F 2
×
×
[
1 +
2µ(1 + µ2)(F 2+ + F
2
×
)
(1 + µ2)2F 2+ + 4µ
2F 2
×
δh
− (1− µ
2)2F+F×
(1 + µ2)2F 2+ + 4µ
2F 2
×
δφ+O((δh)2, (δφ)2)
]
,
δΨ = tan−1
[
2µF×
(1 + µ2)F+
]
+
(1 − µ2)2F+F×
(1 + µ2)2F 2+ + 4µ
2F 2
×
δh
+
2µ(1 + µ2)(F 2+ + F
2
×
)
(1 + µ2)2F 2+ + 4µ
2F 2
×
δφ+O((δh)2, (δφ)2).
(5.8)
From these expressions, we find that relative to the
waveforms in GR, the modifications of GWs are quan-
tified by the terms δh and δφ. In the specific case with
δh = δφ = 0, the formula in (5.7) returns to that in GR.
Since in the parity-violating gravities, the evolution of
polarization modes h+ and h× are not independent, the
mixture of two modes are inevitable. For this reason,
we find that both terms δh and δφ appear in the phase
and amplitude modifications of h˜(f). In the CS modified
gravity, we have δφ = 0 and δh 6= 0, and the formulas in
Eq.(5.8) returns to the corresponding ones in [26]. How-
ever, in the general ghost-free parity-violating gravities,
both correction terms are nonzero. In the leading order,
the modification δA (or δΨ) linearly depends on δh and
δφ, and it is important to estimate their relative magni-
tudes. Let us assume the GW is emitted at the redshift
z ∼ O(1), and approximately treat c1 and c2 as constants
during the propagation of GW, we find the ratio of two
correction terms is δφ/δh ∼ t0f , where f is the GW
frequency and t0 = 13.8 billion years is the cosmic age.
As known, f ∼ 100 Hz for the ground-based GW detec-
tors, and f ∼ 0.01 Hz for the space-borne detectors. For
both cases, we find δφ is more than ten orders of magni-
tude larger than δh. So, we arrive at the conclusion: In
the general ghost-free parity-violating gravities, both the
amplitude and phase corrections of GW waveform h˜(f)
mainly come from the contribution of velocity birefrin-
gence rather than that of the amplitude birefringence.
VI. CONCLUSIONS
In the parity-violating gravities, the symmetry be-
tween left-hand and right-hand circular polarization
modes of GWs is broken. So, the effect of birefringence of
GWs occurs during their propagation in the universe. In
this article, we investigate the GWs in the general ghost-
free parity-violating theories of gravity, which is an ex-
tension of CS modified gravity. We find that, in general,
both amplitude and velocity birefringence effects exist in
these theories, which exactly correspond to the ampli-
tude and phase modifications of waveforms for the cir-
cular polarization modes. Combining these two modes,
we obtain the GW waveforms produced by the compact
binary coalescence, and derive the correction terms rela-
tive to that in GR. We find that, in the general ghost-free
parity-violating theories, the dominant modifications in
GW amplitude and phase are both caused mainly by the
velocity birefringence effect. Considering the current and
potential observations of ground-based and space-borne
GW detectors, the explicit waveforms of GWs derived in
this article can be used as the template to constrain these
theories with parity violation. The comprehensive anal-
ysis on this topic will be carried on in a separate paper
of this series of works.
Appendix A: The coefficients aA and bA in dark
energy models
In this Appendix, we estimate the values of c1 and c2
in Eqs.(3.6) and (3.7), which depend on the coefficients
ϑ, aA and bA, as well as the evolution of the scalar field.
Since the scalar field is always motivated to account for
the late acceleration of the universe, in this Appendix,
we assume that φ-field plays the role of the dark energy,
which satisfies the following slow-roll conditions,
φ˙2 ≪ V (φ), |φ¨| ≪ |3Hφ˙|. (A.1)
7With this condition, we find that the quantities c1
and c2 are slowly varying during the expansion of the
universe, which can be approximately treated as con-
stants during low-redshift range. In the expression of
c1 − c2, we observe that it contains only the terms with
a1, a2, b1, b2, b3, b4, b5, b7 and their derivatives with re-
spect to φ. Considering the scalar field φ with the slow-
roll condition (A.1), the leading contribution to c1 − c2
reads
c1 − c2
Λ
≃ 8(2a1 − a3 + 2b2)M2PlH3ǫφ, (A.2)
where H is the Hubble constant, and ǫφ is the slow-roll
parameter, which is defined as
ǫφ =
φ˙2
2M2PlH
2
≪ 1. (A.3)
Note that in the above, we have considered that (i)
the coefficients a1, · · · , a5, b1, · · · , b7, and the derivatives
of a1 and a3 with respect to φ and X = φµφ
µ, i.e.,
a1,φ, a1,X , a3,φ, a3,X , are all at the same order of mag-
nitudes, where aA,φ ≡ daA/dφ and aA,X ≡ daA/dX ; and
(ii) the terms higher than O(ǫφ) are ignored in the slow-
roll approximation. In the LCDM universe, the magni-
tudes of H and ǫφ (determined by the equation-of-state
of dark energy) are observables. Thus, the energy scale
Λ of parity violation in the theory is determined by the
coefficients aA and bA. Note that, c1 and c2 can be ab-
sorbed by the definition of the energy scale Λ. For a
given constraint of Λ derived from the potential GW ob-
servations, we have the following relation to estimate the
magnitudes of coefficients aA and bA,
O(aA, bA) ∼ 1
8ΛM2PlH
3ǫφ
. (A.4)
Note that, all these coefficients have the unit of
Energy−6.
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